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GALOIS SUBFIELDS OF TAME DIVISION ALGEBRAS
TIMO HANKE, DANNY NEFTIN, AND ADRIAN WADSWORTH
Abstract. We show that a finite-dimensional tame division algebra D over a
Henselian field F has a maximal subfield Galois over F if and only if its residue
division algebra D has a maximal subfield Galois over the residue field F .
This generalizes the mechanism behind several known noncrossed product
constructions to a crossed product criterion for all tame division algebras, and
in particular for all division algebras if the residue characteristic is 0. If F is
a global field, the criterion leads to a description of the location of noncrossed
products among tame division algebras, and their discovery in new parts of the
Brauer group.
1. Introduction
A division algebra D finite-dimensional over its center F is called a crossed
product if it contains a maximal subfield which is Galois over F ; otherwise it is
a noncrossed product. The question of existence of noncrossed products arose in
the 1930’s, and was answered affirmatively by Amitsur in 1972 [2]. Subsequently,
their existence over more familiar fields F has been studied by many authors, see
for example [13, 18, 3, 7, 4].
Recall that for a Henselian valued field F , the valuation of F extends uniquely
to a valuation of D for every finite-dimensional division algebra D over F , see for
example [12, §1]. In case D is inertially split, i.e. split by an unramified extension
of F , it was known long ago that D is a crossed product only if the residue division
algebra D is a crossed product [12, Thm. 5.15(b)]. This criterion traces back to
Saltman [16] who used it to construct new noncrossed products of higher index
from ones already known. By a more complete criterion [9], any inertially split D
is a crossed product if and only if D contains a maximal subfield Galois over the
residue field F . Note that this is a stronger condition than saying D is a crossed
product since F may be a proper subfield of the center of D. This criterion goes
back to Brussel [3], who used such an argument over complete rank 1 valued fields
to obtain noncrossed products over fields as elementary as Q((t)). Subsequently,
the criterion has led to a description of the “location” of crossed and noncrossed
products among all inertially split division algebras over F , when F is Henselian
with global residue field, [8, 6].
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In this paper we consider the larger class of division algebras D which are tamely
ramified (or tame for short) over their center a Henselian field F , i.e. split by a
tamely ramified extension of F . In particular, these include all division algebras
whose degree is prime to the residue characteristic. Our main result, Theorem 1.1,
generalizes the criterion mentioned above to tame division algebras:
Theorem 1.1. Let F be a Henselian field, and D a finite-dimensional tamely
ramified division algebra with center F . Then D has a maximal subfield Galois
over F if and only if D has a maximal subfield Galois over F .
Theorem 1.1 is useful in determining which tame division algebras are crossed
products over all Henselian fields F whose residue field is sufficiently well under-
stood. When F has cohomological dimension 1 or is a local field, we deduce that
all finite-dimensional tame division algebras with center F are crossed products.
When F is a global field we describe the location of noncrossed products among
tame division algebras, extending [8] and [6], and locating noncrossed products in
new parts of the Brauer group, see §4.2.
The main difficulty in proving Theorem 1.1 lies in the “only if” implication.
Given a maximal subfield M of D, Galois over F , neither the residue field M itself
nor the compositum of M with the center of D need to be a maximal subfield
of D. Hence in the tame case the construction is significantly different from the
inertially split case, where it was enough to consider M · Z(D), cf. [9].
Our construction of the desired maximal subfield of D uses the theory of graded
division algebras which provides a one-to-one correspondence between tame divi-
sion algebras over a Henselian field F and graded division algebras over its asso-
ciated graded field gr(F ) [11]. It associates to D a graded division algebra gr(D)
over gr(F ), and to a maximal subfield M of D Galois over F a maximal graded
subfield gr(M) Galois over gr(F ). Most importantly, it equips gr(D) with canon-
ical subalgebras which can be entwined with gr(M) to form a maximal graded
subfield M′ of gr(D) with residue field which is maximal in D and Galois over F .
This M′ lifts to a maximal subfield M ′ of D Galois over F .
The proof of our theorem gives a good illustration of the utility of the graded
approach in working with valued division algebras. Many properties of D are
faithfully reflected in gr(D), but gr(D) has a simpler structure which is often
considerably easier to work with, as demonstrated by our use of its canonical sub-
algebras.
We thank Uzi Vishne, Eric Brussel, and Jack Sonn for helpful discussions. We
also thank Kelly McKinnie for her interest and questions which led us to a simpli-
fication of our proof. This material is based upon work supported by the National
Science Foundation under Award No. DMS-1303990.
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2. Graded and valued algebras
We first recall the basic definition and facts concerning graded algebras, based
on [11] with the exception of Section 2.3 which is based on [10] and [14]. A more
extensive treatment of these facts will appear in [19].
Throughout the section we let Γ be a torsion-free abelian group.
2.1. Graded rings and division algebras. A graded ring D with grade group
Γ (or a Γ-graded ring) is a ring with a direct sum decomposition D = ⊕γ∈ΓDγ ,
where each Dγ is an additive abelian group and Dγ · Dδ ⊆ Dγ+δ for all γ, δ ∈ Γ.
Set ΓD = {γ ∈ Γ |Dγ 6= {0} } and call the elements in Dγ, γ ∈ Γ, homogenous.
A graded homomorphism ϕ : D → E of Γ-graded rings is a homomorphism which
preserves the grading, i.e. ϕ(Dγ) ⊆ Eγ for all γ ∈ Γ.
A graded subring of D is a subring E ⊆ D such that E = ⊕γ∈ΓD(Dγ ∩ E). Such
a decomposition defines a Γ-grading on E with Eγ = Dγ ∩ E. Note that with E
the centralizer CD(E) is also a graded subring of D, hence in particular the center
Z(D) is a graded subring of D.
Let D be a graded ring with 1 6= 0. Then D is said to be a graded division ring
if every nonzero element of Dγ, γ ∈ ΓD, is a unit. In this case D0 is a division
ring, and multiplication by any nonzero element from Dγ induces an isomorphism
Dγ ∼= D0 of D0-module; hence, Dγ is a rank 1-module over D0.
Commutative graded division rings are called graded fields. If D is a graded
division ring whose center contains a graded field F as a graded subring, then D
is called a graded division algebra over F. In this case D0 is a division algebra
over F0. Moreover, for a graded F-subalgebra E ⊆ D, D is free as an E-module,
cf. [11, Paragraph preceeding (1.6)], and the dimension [D : E] is defined as the
rank of D as an E-module. We shall assume throughout that all graded division
algebras are finite-dimensional over their centers. The degree of a graded division
algebra D is degD :=
√
[D : Z(D)].
Given two Γ-graded algebras D and E over F, the tensor product D⊗F E is also a
Γ-graded algebra with (D⊗F E)γ generated by all dα⊗ eβ where dα ∈ Dα, eβ ∈ Eβ ,
and α + β = γ. The double centralizer theorem is available in the graded setting
[11, Proposition 1.5] and implies, using the same argument as in the ungraded
setting, that for a graded division algebra D over F, [M : F] ≤ degD for any graded
subfield M, with equality if and only if M is a maximal graded subfield of D.
2.2. Ramification. The following ramification properties of graded division rings
are analogues to ramification properties of valued division rings. Let D be a graded
division ring, and E ⊆ D a graded division subring. Then one easily obtains the
fundamental equality, cf. [11, (1.7), p. 79],
(2.1) [D : E] = [D0 : E0] |ΓD : ΓE|.
We say that D is unramified over E if ΓD = ΓE (i.e. [D : E] = [D0 : E0]); it is totally
ramified over E if [D : E] = |ΓD : ΓE| (i.e. D0 = E0).
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Let A ⊆ D be a graded subring that is also a graded division ring and contains E.
Then D/E is unramified (resp. totally ramified) if and only if D/A and A/E are
each unramified (resp. totally ramified).
Let F be a graded subfield of Z(D), so that D is a graded F-division algebra. For
every F0-subalgebra A of D0 there is a unique graded division F-subalgebra A ⊆ D
with A0 = A and ΓA = ΓF. This A is generated over F by A and is canonically
isomorphic to A⊗F0 F.
Note that the intersection A∩B of two graded subrings of D is a graded subring
with (A ∩ B)γ = Aγ ∩ Bγ. In the totally ramified case we have:
Lemma 2.1. Let A,B be two graded subrings of D that are also graded division
rings. Assume D is totally ramified over B. Then,
(i) B = ⊕γ∈ΓBDγ;
(ii) ΓA∩B = ΓA ∩ ΓB.
Proof. Clearly, B ⊆ B′ := ⊕γ∈ΓBDγ. For every γ ∈ ΓB, since Dγ is a rank-1 module
over D0 = B0, one has Bγ = Dγ . Hence, B
′ = B, showing (i).
The inclusion ΓA∩B ⊆ ΓA ∩ ΓB is obvious. Conversely, for γ ∈ ΓA ∩ ΓB, using
Bγ = Dγ , we have (A ∩ B)γ = Aγ ∩ Dγ = Aγ 6= {0}, completing (ii). 
2.3. Graded field extensions. Let L/F be a finite extension of Γ-graded fields.
See [10, §2] for proofs of the properties recalled in this paragraph. As Γ is torsion-
free, F is an integral domain and we can form its field of quotients q(F). Then,
q(L) = L ⊗F q(F), as [L⊗F q(F) : q(F)] <∞ and L has no zero divisors. Hence,
[L : F] = [q(L) : q(F)]. Moreover, the ring F is integrally closed, and L is the inte-
gral closure of F in q(L). In addition, for any homogeneous c in L, the minimal
polynomial mq(F),c of c over q(F) has homogeneous coefficients in F. In any graded
field extension of F, every root of mq(F),c is homogeneous of the same degree as
c, and there are graded field extensions of F over which mq(F),c splits. It follows
that every F-algebra automorphism of L as ungraded rings actually preserves the
grading on L. Therefore, the group of graded ring automorphisms Aut(L/F) is
canonically isomorphic to Aut(q(L)/q(F)).
We say that L is tame (or tamely ramified) over F if the field extension L0/F0
is separable and char F0 ∤ |ΓL : ΓF|. We say that L is normal over F if for every
homogeneous c ∈ L, its minimal polynomialmq(F),c splits over L. More restrictively,
L/F is Galois if it is Galois as an extension of ungraded commutative rings, or,
equivalently, if F is the fixed-ring of Aut(L/F). These properties of L/F and are
equivalent to corresponding properties of their quotient fields, as follows:
(2.2)
L/F q(L)/q(F) Reference
tame separable [10, Theorem 3.11(a)]
normal normal [14, Lemma 1.2]
Galois Galois [10, Theorem 3.11(b)]
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Moreover, if L/F is Galois the map M 7→ q(M) gives a one-to-one correspondence
between graded subfieldsM with F ⊆ M ⊆ L and subfieldsM with q(F) ⊆M ⊆ q(L)
which preserves degrees and Galois groups [10, Proposition 5.1]. In addition, by
passage to quotient fields, we have: if L/F is normal and M is a graded field with
F ⊆ M ⊆ L then:
(2.3) M/F is normal if and only if σ(M) = M for every σ ∈ Aut(M/F).
Consider commuting graded subfields K, L, of a graded division algebra D which
each contain F := Z(D). The compositum K · L is the F-algebra generated by K
and L in D. Picking F0-bases {ki}i∈I and {ℓj}j∈J for K and L, respectively, which
consist of homogenous elements, one has
K · L = ∑
i∈I,j∈J
F0kiℓj,
and hence K · L is a graded subfield of D (since it is finite-dimensional over F).
We say that K and L are linearly disjoint over E := K ∩ L if the natural surjection
K⊗E L→ K · L is an isomorphism. In particular, K and L are linearly disjoint over
E if and only if [K · L : E] = [K : E][L : E].
Lemma 2.2. Let D be a graded division algebra over F. Let K and L be commuting
graded subfields of D containing F, with L Galois over K ∩ L. Then K and L are
linearly disjoint over K ∩ L.
Proof. Let E := K ∩ L. Then,
q(E) = (K ∩ L)⊗F q(F) =
(
K⊗F q(F)
) ∩ (L⊗F q(F)
)
= q(K) ∩ q(L).
Moreover, since q(K) ·q(L) is generated over q(F) by K and L, we have q(K) ·q(L) =
q(K·L). As q(L)/q(E) is Galois, q(K) and q(L) are linearly disjoint over q(E); hence,
[K · L : K] = [q(K) · q(L) : q(K)] = [q(L) : q(E)] = [L : E].
Therefore, K and L are linearly disjoint over E. 
We shall also need the following lemma concerning totally ramified extensions:
Lemma 2.3. Let F ⊆ K ⊆ M be graded fields such that M/K is totally ramified. If
M/F is normal (resp. Galois) then K/F is normal (resp. Galois).
Proof. Since M/K is totally ramified, by Lemma 2.1 we have K =
⊕
γ∈ΓK
Mγ. As
each σ ∈ Gal(M/F) is degree-preserving, this shows that σ(K) = K. If M is normal
over F then by (2.3), K is also normal over F. If M/F is tame then by (2.2), K/F is
tame. Both statements are proved. 
Finally, we note that for any finite graded field extension L/F, if c ∈ L0, then
since the roots of its minimal polynomial mq(F),c all have degree 0, the polynomial
has coefficients in F0; so, mq(F),c = mF0,c. Hence,
(2.4) if L/F is normal (resp. Galois) then L0/F0 is normal (resp. Galois).
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2.4. Canonical subalgebras of graded division algebras. The following canon-
ical algebras and their properties were introduced in [11]. Let D be a graded
division algebra over its center F. Then D has the following canonical subalgebras:
U = D0 ⊗F0 F = the maximal subalgebra of D unramified over F,
Z = Z(D0)⊗F0 F = the center of U,
C = the centralizer CD(U),
E = the centralizer CD(Z) = U⊗Z C.
D
E = U⊗Z C
❑❑
❑❑
❑❑
❑❑
❑❑
❑
ss
ss
ss
ss
ss
s
U
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
C
ss
ss
ss
ss
ss
ss
Z
F
Note that U and hence Z, C, and E, were chosen canonically and hence are
invariant under conjugation by nonzero elements of Dγ , γ ∈ ΓD. Moreover, as D is
totally ramified over U, one has U0 = E0 = D0. In particular, as [D : E] = [Z : F]
by the graded double centralizer theorem, we have
(2.5) [D : E] = |ΓD : ΓE| = [Z : F] = [Z0 : F0].
The center Z(D0) = Z0 clearly contains F0 but is not necessarily equal to it.
In fact, Z0/F0 is Galois with abelian Galois group which is described as follows:
Let int(dγ) denote the inner automorphism which sends x ∈ D to dγxd−1γ . Let
θD : ΓD → Gal(Z0/F0) be the homomorphism for which θD(γ) is the restriction of
int(dγ) to Z0 for any nonzero dγ ∈ Dγ . Then θD is well defined, surjective, and its
kernel is ΓE , [11, Proposition 2.3]. Hence Gal(Z0/F0) ∼= ΓD/ΓE. Note also that as
C0 = CD0(D0) = Z0, the graded algebra C is totally ramified over Z.
We shall need the following properties of maximal graded subfields of C:
Lemma 2.4. Let T be a maximal graded subfield of C. Then:
(i) T is Galois over F;
(ii) ΓT = ΓCE(T)
Proof. By the graded double centralizer theorem [11, Proposition 1.5] and dimen-
sion count,
CE(T) = CU(Z)⊗Z CC(T) = U⊗Z T.
As ΓU = ΓZ ⊆ ΓT, we get ΓCE(T) = ΓT, proving (ii).
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To show (i), we first claim that T/Z is Galois. Since C is totally ramified over Z,
its graded subfield T is also totally ramified over Z. Hence, by Lemma 2.1
(2.6) T =
⊕
γ∈ΓT
Cγ .
By [11, Proposition 2.3], we have char F0 ∤ |ΓC : ΓZ|, and hence char F0 ∤ |ΓT : ΓZ|.
This shows that T is tame over Z. As T is also totally ramified over Z, and
char F0 ∤ |ΓT : ΓZ|, [10, Proposition 3.3] implies that q(T)/q(Z) is a Kummer
extension, hence Galois. Thus, T/Z is Galois (see (2.2)), proving the claim.
As Z is Galois and unramified over F, we have Gal(Z/F) ∼= Gal(Z0/F0). Let
σ ∈ Gal(Z/F). Since θD is surjective, there is a unit d ∈ Dγ for some γ ∈ Γ, such
that int(d)|Z0 = σ|Z0 , and hence int(d)|Z = σ. Since d lies in one of the components
Dγ , int(d) preserves C. Thus, (2.6) shows that the graded automorphism int(d)
preserves T. Since Z/F and T/Z are Galois and since every automorphism in
Gal(Z/F) extends to a graded automorphism of T, it follows that T is Galois over
F, as required. 
2.5. Tame division algebras. All division algebras considered in this paper are
assumed to be finite-dimensional. Let F be a Henselian field and D a division
algebra with center F , D the residue division algebra of D with respect to the
unique extension of the valuation on F to D, and let ΓD be the value group (a
totally ordered abelian group).
Recall that D is tame (or tamely ramified over F ) if and only if
(2.7) [D : F ] = [D : F ] |ΓD : ΓF |,
Z(D) is separable over F , and charF ∤ | ker(θD) : ΓF |, cf. [12, §6]. Furthermore,
D is said to be inertial over F if it is tame and also unramified, i.e. ΓD = ΓF .
The tame Brauer group TBr(F ) is the subgroup of Br(F ) which consists of
classes [D] of tame division algebras D with center F . Since D is tame if and
only if D is split by the maximal tamely ramified field extension of F , TBr(F ) is
a subgroup of Br(F ). Denote the degree of D by degD :=
√
[D : F ], write ind[D]
for the Schur index ind[D] := degD, and let [D]Z = [D ⊗F Z] ∈ Br(Z) for any
extension Z/F .
We shall need the following lemma from [12] which describes properties that are
preserved under tensor products with inertial algebras.
Lemma 2.5. Let I,D be central division algebras over F . Assume I is inertial and
D is tame. Let D′ be the division algebra underlying [I⊗FD]. Then Z(D′) ∼= Z(D),
ΓD′ = ΓD, [D′] = [I ⊗F D] in Br(Z(D)), and the following ratio is preserved:
(2.8) degD
degD
= degD
′
degD′
.
Proof. All assertions are proved in [12, Corollary 6.8], except for the last, which is
derived as follows. Recall that there is a well-defined homomorphism
θD : ΓD → Gal(Z(D)/F )
8 TIMO HANKE, DANNY NEFTIN, AND ADRIAN WADSWORTH
given as follows1. Let v be the valuation on D. For γ ∈ ΓD take any nonzero
c ∈ D with v(c) = γ. Then, for any z ∈ D with v(z) ≥ 0 and z ∈ Z(D), define
θD(γ)(z) = czc−1. By [12, Corollary 6.8], θD′ = θD. Since D is tame, by (2.7)
[D : F ] = [D : F ] · |ΓD : ΓF |
= [D : Z(D)] [Z(D) : F ] | ker θD : ΓF | | Im θD|.
By [12, Prop. 1.7], [Z(D) : F ] = | Im θD|, hence by taking square roots we obtain:
(2.9) degD = degD · | Im θD| ·
√
| ker θD : ΓF |.
Thus,
degD
degD
= | Im θD| ·
√| ker θD : ΓF | = | Im θD′| ·
√| ker θD′ : ΓF | = degD′degD′ .

2.6. The correspondence. A tame division algebra D with value group Γ yields
a Γ-graded division ring gr(D) with components gr(D)γ = D≥γ/D>γ, γ ∈ Γ, where
D≥γ = {x ∈ D | v(x) ≥ γ} and D>γ = {x ∈ D | v(x) > γ}.
Furthermore, gr(D) is a graded division algebra over gr(F ) with gr(D)0 = D, and
Γgr(D) = Γ. Thus, (2.1) and (2.7) together show that
(2.10) [gr(D) : gr(F )] = [D : F ].
Also, the tameness of D implies that Z(gr(D)) = gr(F ) by [11, Proposition 4.3].
The map D 7→ gr(D) gives a degree-preserving bijection [11, Theorem 5.1]
between tame division algebras with center F (up to isomorphism) and graded
division algebras with center gr(F ) (up to isomorphism). By [11, Corollary 5.7],
this correspondence is functorial under field extensions L/F ; hence, L is a maximal
subfield of D if and only if gr(L) is a maximal graded subfield of gr(D). By [14,
Theorem 1.5], if L/F is normal then so is gr(L)/ gr(F ).
On the level of fields, by [10, Theorem 5.2], there is a correspondence between
tame graded field extensions of gr(F ) and tame field extensions of F , which pre-
serves degrees and Galois groups. In particular, to every tame graded field ex-
tension L of gr(F ) there corresponds a unique tamely ramified field extension L
of F , called the tame lift of L over F , such that gr(L) ∼= L as graded fields and
[L : F ] = [L : gr(F )]. Moreover, L is Galois over F if and only if L is Galois over
over gr(F ).
1This definition slightly differs from the definition of θD in [12, p. 133], where θD is defined
on ΓD/ΓF .
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3. Maximal subfields of tame graded division algebras
Throughout this section we fix a graded division algebra D with center F, and
let Z,C,U, and E be its canonical subalgebras (introduced in §2.4). We first prove
the graded version of Theorem 1.1:
Theorem 3.1. A finite-dimensional graded division algebra D has a graded maxi-
mal subfield Galois (resp. normal) over F if and only if D0 has a maximal subfield
Galois (resp. normal) over F0.
The following Proposition gives the “if” implication of Theorem 3.1.
Proposition 3.2. Let M be a maximal subfield of D0, L = M ⊗F0 F, and T a
maximal graded subfield of C. Then M := L · T is a maximal graded subfield of D.
Moreover, if M/F0 is Galois (resp. normal) then M/F is Galois (resp. normal).
Proof. Since M is maximal it contains Z(D0). By definition of Z,U,C, cf. §2.4, we
have Z ⊆ L ⊆ U, and L and T commute. Hence, M is a graded subfield of D. Since
L/Z is inertial we have:
[L:Z] = [M :Z(D0)] = degD0 = degU.
As L/Z is unramified, and T/Z is totally ramified one has L ∩ T = Z. By
Lemma 2.4, T/Z is Galois. Hence, Lemma 2.2 implies
[M:Z] = [L:Z] · [T:Z] = degU · degC = deg E.
This shows that M is a maximal graded subfield of E, cf. end of §2.1, hence also a
maximal graded subfield of D by (2.5).
Furthermore, if M = L0 is Galois (resp. normal) over F0, then L is Galois (resp.
normal) over F. As T is Galois over F by Lemma 2.4, we get that M is Galois
(resp. normal) over F. 
For a maximal graded subfield M of D, the field M0 need not be a maximal
subfield of D0. We will therefore modify M to enlarge the degree-0 part. We start
with the following observation:
Lemma 3.3. Let M be a maximal graded subfield of D. Then, M0 is a maximal
subfield of D0 if and only if M ⊇ Z and |ΓM : ΓZ| = deg C. This holds if M ∩ C is
a maximal graded subfield of C.
Proof. If M0 is a maximal subfield of D0 then M0 ⊇ Z(D0) = Z0, so M ⊇ Z by
definition of Z. Hence, we assume M ⊇ Z throughout the proof. Then M ⊆
CD(Z) = E, so M is a maximal graded subfield of E. We have
[M0 : Z0] · |ΓM : ΓZ| = [M : Z] = deg E = degU · degC = degD0 · degC.
Hence, M0 is a maximal subfield of D0 (i.e. [M0 : Z0] = degD0) if and only if
|ΓM : ΓZ| = degC.
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Suppose now that M ∩ C is a maximal graded subfield of C. Then, since M ⊆
CE(M ∩ C), by Lemma 2.4 we have
ΓM ⊆ ΓCE(M∩C) = ΓM∩C ⊆ ΓM,
hence, as M ∩ C is totally ramified over Z, |ΓM : ΓZ| = [M ∩ C : Z] = degC. 
The following Proposition gives the “only if” implication of Theorem 3.1, and
completes its proof.
Proposition 3.4. Let M be a maximal graded subfield of D and let T be a maximal
graded subfield of C. Then M′ := (M∩CD(T)) ·T is a maximal graded subfield of D
for which M′0 is a maximal subfield of D0.
Furthermore, if M is Galois (resp. normal) over F then M′ is Galois (resp.
normal) over F and M′0 is Galois (resp. normal) over F0.
The proof relies on the following lemma:
Lemma 3.5. Let A,B be graded subalgebras of D containing F such that A is a
graded field and B ⊆ C. Define A′ := A ∩ CD(B). Then, A/A′ is totally ramified
and [A : A′] ≤ [B : A ∩ B].
Proof. Since B ⊆ C, one has U = CD(C) ⊆ CD(B), hence CD(B)0 = U0 = D0. Thus,
D is totally ramified over CD(B). Hence, (i) A/A
′ is totally ramified (for A′0 =
A0 ∩ CD(B)0 = A0 ∩ D0 = A0), and (ii) ΓA′ = ΓA ∩ ΓCD(B) by Lemma 2.1(ii). Since
A is a graded field, we have A ⊆ CD(A) ⊆ CD(A ∩ B); also, CD(B) ⊆ CD(A ∩ B).
These together yield,
[A : A′] = |ΓA : ΓA′ | = |ΓA : ΓA ∩ ΓCD(B)| = |ΓA + ΓCD(B) : ΓCD(B)|
≤ |ΓCD(A∩B) : ΓCD(B)| ≤ [CD(A ∩ B) : CD(B)] = [B : A ∩ B],
with the last equality given by the graded double centralizer theorem. 
Proof of Proposition 3.4. By Lemma 2.4, T is Galois over F. Thus, by Lemma 2.2,
T is linearly disjoint fromM∩CD(T) over their intersection (M∩CD(T))∩T = M∩T.
Hence, by definition of M′, we have [M′ : M ∩ CD(T)] = [T : M ∩ T]. Lemma 3.5,
applied with A = M and B = T, states that this dimension is ≥ [M : M ∩ CD(T)],
so [M′ : F] ≥ [M : F]. Since M is maximal it follows that M′ is maximal. Moreover,
since M′ contains T, M′0 is a maximal subfield of D0 by Lemma 3.3.
Assume that M is Galois (resp. normal) over F. The application of Lemma 3.5
above also showed that M is totally ramified over M ∩ CD(T). Hence, by Lemma
2.3, M ∩ CD(T) is Galois (resp. normal) over F. Since, by Lemma 2.4, T is Galois
over F , we get that M′ is Galois (resp. normal) over F. Hence, M′0 is Galois (resp.
normal) over F0, by (2.4). 
Remark 3.6. (i) For a graded subfield M of D which is not necessarily maxi-
mal, the proof gives [M′ : F] ≥ [M : F], where M′ := (M ∩ CD(T)) · T.
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(ii) The proof shows that Propositions 3.2 and 3.4, and hence also Theo-
rem 3.1 hold more generally when F is a proper subfield of Z(D) under
the assumption that T/F is Galois.
Theorem 1.1 follows from the following corollary:
Corollary 3.7. Let F be a Henselian field, and let D be a tame division algebra
with center F . The following are equivalent:
(a) D has a maximal subfield Galois over F .
(b) D has a maximal subfield Galois over F .
(c) D has a maximal subfield Galois and tamely ramified over F .
Moreover, the list can be extended by the three conditions (a′), (b′), (c′) which are
obtained from (a), (b), (c) by replacing ‘Galois’ with ‘normal’.
Proof of Corollary 3.7. Trivially, (a), (b), (c) imply (a′), (b′), (c′) respectively, and
(c′) implies (a′). Nontrivially, by [16, Lemma 3], (a′) implies (a). Since D is tame,
Z(D)/F is separable. Therefore, as was noted in [5, Prop. 14.2, p. 59], also (b′)
implies (b). We will show (b)⇒ (c) and (a′)⇒ (b′), then the proof is completed:
(b)
KS

+3 (c)

(a)
KS

(b′) (c′) +3 (a′)em
(b) ⇒ (c): Suppose D = gr(D)0 has a maximal subfield M Galois over F =
gr(F )0. By Proposition 3.2, gr(D) has a maximal graded subfield M that is Galois
over Z(gr(D)). But Z(gr(D)) = gr(F ), as D is tame. Let M ′ be the tame lift of
M over F (cf. §2.6), i.e. the unique tame Galois extension of F with gr(M ′) = M.
By the functoriality mentioned in §2.6, this M ′ is a maximal subfield of D, since
it splits D and
[M ′ : F ] = [gr(M ′) : gr(F )] = deg gr(D) = degD.
(a′) ⇒ (b′): Let M be a maximal subfield of D that is normal over F . Then
gr(M)/ gr(F ) is normal (cf. §2.6). As D is defectless over F , i.e., equality (2.10)
holds, M must also be defectless over F . Thus,
[gr(M): gr(F )] = [M :F ] = degD = deg gr(D),
showing that gr(M) is a maximal graded subfield of gr(D). By Proposition 3.4,
gr(D) has a maximal graded subfield M′ normal over F and such that M′0 is a
maximal subfield of D = gr(D)0. By (2.4), M
′
0/F is normal. 
4. Tamely ramified noncrossed products
4.1. Simple residue fields. It is a fundamental question to determine which
division algebras over a given field F are crossed products. As a corollary to
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Theorem 1.1 we obtain an answer when F is Henselian and division algebras over
the residue field K := F are sufficiently well understood. Let cdGK denote the
cohomological dimension of the absolute Galois group GK of K.
Corollary 4.1. Let F be a Henselian field whose residue field K is a local field 2,
real closed field, or satisfies cdGK ≤ 1, then every tame central division algebra
over F is a crossed product.
Proof. By Theorem 1.1, it suffices to show that D has a maximal subfield which
is Galois over K. If cdGK ≤ 1, then D = Z(D) is a field which, since D is
tame, is Galois over K. If K is a real closed field, then either K or K(
√−1) is a
maximal subfield of D which is Galois over K. If K is a local field then Z(D) has
extensions of arbitrary degree which are Galois over K, simply by composing Z(D)
with unramified extensions ofK. This gives the desired result since over local fields
every field of degree degD over Z(D) is a maximal subfield of D. 
Note that (1) if K is real closed the assertion can be proved directly without
using Corollary 4.1; (2) examples of fields K for which cdGK ≤ 1 include finite
fields, and by Tsen’s theorem [15, §19.4], function fields of curves over algebraically
closed fields.
4.2. Global residue fields. Let Γ be the value group of the Henselian valuation
on F . We consider next the simplest residue field K := F for which noncrossed
products exist over F , namely when K is a global field [3].
The tame Brauer group TBr(F ) is described by a generalized Witt theorem [1,
Proposition 3.5]3 as a direct sum:
(4.1) TBr(F ) ∼= Br(K)⊕Hom(GK ,∆/Γ)⊕ T,
where ∆ is the divisible hull of Γ, and T is a subgroup consisting of classes of
some totally ramified division algebras. Moreover, the subgroup of TBr(F ) corre-
sponding to Br(K)⊕Hom(GK ,∆/Γ) (resp. Br(K)) is the subgroup of classes of
inertially split division algebras (resp. inertial division algebras), as described by
a generalization of Witt’s theorem, see [17, Satz 2.3] or [12, (5.4), Th. 5.6].
For fixed χ ∈ Hom(GK ,∆/Γ) and η ∈ T , we call the preimage of χ + η under
(4.1) the fiber over χ+η. Note that the isomorphism (4.1) is not entirely canonical
and a different choice will give us a different fiber. However, none of our results
depends on this choice. To describe the location of noncrossed products in TBr(F ),
we ask for which χ and η the fiber over χ+ η contains noncrossed products? This
problem was answered in [8] and [6] for the inertially split subgroup, i.e. when
η = 0. In the following we combine Theorem 1.1 with the methods of [8] and [6]
to answer this problem for the entire group TBr(F ).
2We call a field local if it is a finite extension of Qp or Fp((t)) for some prime p.
3The decomposition of TBr(F ) is described in [1] on the level of primary components.
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To this end, we fix χ and η and let C ⊆ TBr(F ) be the fiber over χ + η. For
any c ∈ TBr(F ) we write c (resp. Z(c)) for the class (resp. the center) of the
residue algebra of the division algebra in c. By Lemma 2.5, Z := ZC := Z(c) and
ind c/ ind c are independent of the choice of c ∈ C.
Note that Z/K is abelian, as division algebras in C are tame. If Z/K is cyclic,
we say that it is of infinite height if for every integer m, Z/K embeds into a cyclic
extension L/K with [L : Z] = m. We will prove
Theorem 4.2. Let Z ′/K be the maximal subextension of Z/K of order prime to
charK. Then C consists of crossed products if and only if Z ′/K is cyclic of infinite
height.
Moreover, we will show that if C contains one noncrossed product it contains
infinitely many of them.
Theorem 4.2 is already known if C consists of inertially split division algebras
by [8, 6]. Furthermore, for such C, [8, 6] prove the existence of index bounds which
essentially separate crossed and noncrossed products within the fiber. We do not
know if such bounds exist in fibers which are not inertially split. Nevertheless, we
prove that unless Z ′/K is cyclic of infinite height there is a number m (depending
only on Z ′) such that C contains noncrossed products of every index divisible by
m, see Remark 4.7.
4.3. Residue classes, Galois covers, and their local degrees. For m ∈ N,
let Cm be the set of c ∈ C with m | ind c, and Cm (resp. C) the set of residue
classes of Cm (resp. C). Note that by Lemma 2.5, α+ c = α
Z + c ∈ Br(Z) for all
α ∈ Br(K), c ∈ Br(F ), where α + c is defined via (4.1). Hence, for any β ∈ Cm,
(4.2) Cm = {αZ + β : α ∈ Br(K), ind(αZ + β) = m}.
By Theorem 1.1 the following conditions are equivalent:
(Am) Cm consists entirely of crossed products
(Am) Every class in Cm has a splitting field L, Galois over K, with [L : Z] = m.
We call L ⊇ Z an m-cover of Z/K if L is Galois over K and [L : Z] = m. The
cover L is cyclic if L/K is cyclic. For a prime p of K, let Kp denote the completion
at p and let [L : Z]p := [LP′ : ZP′∩Z ] for any prime P
′ of L dividing p.
Let β ∈ Br(Z). Recall that for a prime P of Z, the index indP β of βZP equals
its exponent expP β. By the Albert-Brauer-Hasse-Noether theorem [15, §18.4],
(4.3) β is split by L if and only if indP β
∣
∣ [L : Z]P for every prime P of Z.
This allows to translate (Am) into conditions on the local degrees of covers, as
follows. Let dp(m) := m for every finite prime p of K, dp(m) = gcd(m, 2) for every
real prime p of K which is unramified in Z, and dp(m) := 1 otherwise.
Let S be a finite set of primes of K. An m-cover L of Z/K has full local degree
in S if [L : Z]p = dp(m) for all p ∈ S.
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Proposition 4.3. Assume Cm 6= ∅. There exists a finite set T of primes of K such
that (Bm)⇒ (Am)⇒ (B′m), where (Bm) and (B′m) are the following conditions:
(Bm) for every S, Z/K has an m-cover with full local degree in S.
(B′m) for every S disjoint from T , Z/K has an m-cover with full local degree
in S.
Proof. (Bm) ⇒ (Am): Let β ∈ Cm, and S the set of primes p of K such that the
restriction of β to ZP is nontrivial for some prime P | p of Z. Applying (Bm) to
S, we obtain an m-cover L of Z with full local degree in S. By (4.3), L splits β,
as required.
(Am) ⇒ (B′m): For every p
∣
∣ [Z : K], let p(p)1 , p
(p)
2 , . . . be any enumeration of the
primes of K so that pn
∣
∣ [Z : K]
p
(p)
i+1
implies pn
∣
∣ [Z : K]
p
(p)
i
for all i, n ∈ N. Let T
be the set {p(p)1 , p(p)2 | p divides m}.
Let S be disjoint from T and β ∈ Cm. Define S ′ to be the subset of primes
p ∈ S for which indP β < dp(m) for all P | p. Since S is disjoint from T , we can
apply [6, Lemma 2.5] to obtain a class α ∈ Br(K) such that indαZ = m, and
indP α
Z = dp(m) for all p ∈ S ′ and all P | p. Furthermore, the proof of [6, Lemma
2.5] gives indP α
Z = 1 for all P | p with p ∈ S \ S ′.
Let γ := αZ + β. Since expP β < expP α
Z = dp(m) for all P | p, p ∈ S ′, we
have indP γ = expP γ = dp(m) for all P | p, p ∈ S ′. For every p ∈ S \ S ′ there
is a prime P | p, such that indP β = dp(m), and hence, as indP αZ = 1, one has
indP γ = dp(m). By enlarging S, we may assume that S
′ contains a finite prime p
and hence that ind γ = indP γ = m, where P | p.
By applying (Am) to γ, we obtain an m-cover of Z/K which splits γ. Thus,
by (4.3), L has full local degree in S, as required. 
Remark 4.4. Assume Cm 6= ∅. The proof reveals that if (B′m) fails then there are
in fact infinitely many noncrossed products in Cm. Indeed if (B
′
m) fails for S, it
fails for every set S ′ which contains S and is disjoint from T . Since γ ∈ Cm was
constructed with nontrivial completions at all primes of S ′, there are infinitely
many γ ∈ Cm for which (Am) fails. Thus, there are infinitely many noncrossed
products in Cm.
4.4. Proof of Theorem 4.2. Set ℓ = char(K). We use the following lemmas:
Lemma 4.5. ([6, Lemma 2.12]) There is a finite set S0 such that every p
n-cover
L with full local degree in S0 has abelian kernel A = Gal(L/Z), for which the
conjugation action of Gal(Z/Z ′) on A is trivial.
Lemma 4.6. Let p 6= ℓ be a prime. There exists a finite set S0 disjoint from T
such that every pn-cover L of Z/K with full local degree in S0 contains a p
n-cover
L′ of Z ′/K.
Furthermore, if L has full local degree in a set S ⊇ S0 then so does L′.
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Proof. Let S0 be as in Lemma 4.5 and let Bℓ = Gal(Z/Z
′). Let Aℓ = Gal(L/Z
′)
Since |A| and |Bℓ| are relatively prime, the group extension
1 −→ A −→ Aℓ −→ Bℓ −→ 1
is split by the Schur-Zassenhaus theorem. Since Bℓ acts trivially onA, Aℓ = A⊕ Bˆℓ
with Bˆℓ ∼= Bℓ. In particular, Aℓ is abelian. Letting G = Gal(L/K) and B =
Gal(Z ′/K) the group extension 1→ Aℓ → G→ B → 1 induces an action of B on
Aℓ. Being a characteristic subgroup of Aℓ, Bˆℓ is B-invariant, hence normal in
G. The fixed field L′ ⊆ L of Bˆℓ is then a cover of Z ′/K with associated group
extension
1 −→ Aℓ/Bˆℓ −→ G/Bˆℓ −→ B −→ 1.
Since Aℓ/Bˆl ∼= A it is a pn-cover.
Full local degree in S is inherited from L since the completions of L′ and of Z
are linearly disjoint over a completion of Z ′. 
Proof of Theorem 4.2. Fix β ∈ C and let m = ind β. By (4.2) we see that Cm′ 6= ∅
for every m |m′. For a prime p 6= ℓ, let psp (resp. 2r2 if p = 2) denote the number
of p-power (resp. 2-power) roots of unity in Z (resp. in Z(
√−1)).
Assume Z ′/K is cyclic of finite height or noncyclic. We first claim that there is
a prime p for which (B′pn) fails for all sufficiently large n. Assume first that Z
′/K
is noncyclic and let p 6= ℓ be a prime for which the p-Sylow subgroup of Gal(Z/K)
is noncyclic. By [6, Proposition 3.3], (B′pn) fails for all n > 2sp if p is odd and for
n > 2(r2 + 2) if p = 2.
Assume next that Z ′/K is cyclic of finite height, and fix m ∈ N such that Z ′/K
has no cyclic m-cover. We can further assume that m is a prime power. Indeed,
writing m =
∏
p p
np , p prime, if there are cyclic pnp-covers for all p |m, their
composite gives a cyclic m-cover of Z ′/K. Let m = pnp and let n > np+sp+1. By
[8, Theorem 6.4]4, there is a set S disjoint from T , such that Z ′/K has no pn-cover
with full local degree in S. By Lemma 4.6, there is a finite set S0 such that Z/K
has no pn-cover L with full local degree in S0 ∪ S. Hence, (B′pn) fails, proving the
claim.
Fix an n for which (B′pn) fails and such that p
n is at least the largest p-power
dividing m. Letting m′ = lcm(m, pn), by Lemma 4.5 every m′-cover with full local
degree in a set S ⊇ S0 has an abelian kernel and hence contains a pn-cover with
full local degree in S. Hence, (B′m′) fails. As Cm′ 6= ∅, Proposition 4.3 implies
that (Am′) fails.
Conversely, assume that Z ′/K is cyclic of infinite height. By [8, Theorem 6.3],
for every m prime to ℓ, Z ′/K has an m-cover with full local degree. Taking
composites with Z, we get that (Bm) holds for every m prime to ℓ. By [6, Lemma
2.10], (Bℓn) holds for all n. By taking composites, we see that (Bm) holds for all
m ∈ N. Thus, by Proposition 4.3, (Am) holds for all m. 
4If Z ′/K is non-exceptional we can choose n := np + sp + 1, see [8].
16 TIMO HANKE, DANNY NEFTIN, AND ADRIAN WADSWORTH
Remark 4.7. Assuming C does not consist of crossed products, the proof reveals
that there is pnp ∈ N, p prime, such that (Am) fails for every m ∈ N with Cm 6= ∅
and pnp |m. By Remark 4.4, for such m, Cm contains infinitely many noncrossed
products. If the p-Sylow subgroup of Gal(Z/K) is noncyclic and p 6= ℓ, we can
choose np = 2sp + 1 if p is odd and n2 = 2(r2 + 2) + 1 if p = 2. If Z
′/K is cyclic
with no cyclic pkp-cover, we can choose np = kp + sp + 2.
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